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In this paper we consider a finite group G satisfying following condition (*): 
(1) G is a doubly transitive group on Q = { 1, 2,. . ., m}, 
(2) ;f K is the stabilizer of two different points, then K has even order, and 
(3) K n Kg has odd order if g E G does not normalize K. 
THEOREM 1. Let G be a group satisfying (*). If the degree m of G is odd, 
then 
(1) G has a regular normal subgroup R and an involution z such that 
G = C,(z) . R, or 
(2) a Sylow 2-subgroup of G is dihedral, quasi-dihedral, wreathed product 
Z,,JZz~7Z2n x Z,,,nb2. 
Theorem 1 is an easy consequence of the following more general result 
which has its own interest. 
THEOREM 2. Let G be a Jinite group and H be a proper subgroup of even 
order. Assume 
(1) H n Hg has odd order if g $ No(H), 
(2) A Sylow 2-subgroup of No(H)/H ’ y 1 zs c c ic or generalized quaternion, 
and 
(3) No(H) - H contains an element which is conjugate to a 2-element of 
Hin G. 
Then one of the following conditions holds: 
(1) G has a normal subgroup N of index 2 such that N n H has odd order, 




(2) G contains an involution x such that G = C,(z) . O(G), or 
(3) A Sylow 2-subgroup of G is dihedral, quasi-dihedral, wreathed 
product Z,, J 2, or Z,, x Z,, , n 3 2. 
EXAMPLE. Assume G = SL(3, q), q odd. Let L be the centralizer of an 
involution of G. Then L s GL(2, q). Let H be a subgroup L such that 
H g SL(2, q). Then G, H satisfy all the hypothesis of Theorem 2. 
THEOREM 3 (C. Hering [S] and J. King [ 121). Let G be a group satisfring (*). 
Suppose that the number of fixed points by K is two or three, then a Sylow 
2-subgroup of G is dihedral or quasi-dihedral. 
Hence by [l], [7], the structure of G is known (as an abstract group). 
THEOREM 4. Let G be a group satisfying (*). If the degree m of G is even, 
then 
(1) G is isomorphic to a subgroup of PFL(2, qJ containing PSL(2, qJ 
whereq,isoddandm=q,+ 1,or 
(2) G is isomorphic to an automorphismgroup of AG(d, q2) where d = I,2 
and q2 is even, or 
(3) G g A, and m = 6, or G E PI’L(2,S) and m = 28. 
We use the standard notation of permutation groups. Let G be a permuta- 
tion group on Q = (1, 2 ,..., m}. Denote by G,,,... the set of elements of G 
which fix 1, 2 ,..., point-wise. For a subgroup H of G, I(H) denotes the set 
of all points E Q which are fixed by every element of H. We remark here that 
the condition (3) of (x) implies that if the set (1, 2,...} has 1 I( + 1 points, 
then G,,2,... has odd order. Equivalently, (3) implies that a Sylow 2-subgroup 
of K acts semi-regularly on Q - I(K). 
Proof of Theorem 2. Let G be a finite group and H be a proper subgroup 
of even order. Assume that G and H satisfy the conditions of Theorem 2. 
Let S be a Sylow 2-subgroup of N(H). Then T = S n H is a Sylow a-sub- 
group of H. By assumption there exists an element y of S - T which is 
conjugate to a 2-element x of T. Put y = xg, g E G. We fix G, H, S, T, x, y, g 
throughout this section. Let U(P) d enote the set of normal subgroup of 
type (p, p) of a p-group P. It is well known that if U(P) is empty then P 
is of maximal class. In particular if p = 2 and U(P) is empty then P is 
dihedral, quasi-dihedral or generalized quaternion (including an ordinary 
quaternion group). 
LEMMA 1. Let a, b be 2-elements of H such that a = bc, c E G. Then 
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c E N(H). In particular the centralizer of any 2-element of H - 1 is contained 
in N(H). 
Proof. If a = bc, c E G, then a E H n Hc. Hence by assumption c E N(H). 
LEMMA 2. (1) Cr( y) n Hg = 1, 
(2) C,(y) is isomorphic to a 2-subgroup of N(H)/H, 
(3) C,(y) is cyclic or generalized quaternion. 
Proof. Since y E Hg, C(y) C N(Hg). Since C,(y) n Hg C H n Hg, 
C,(y) n Hg = 1 as g $ N(H). Hence C,(y) . Hg/Hg s C,(y). By assump- 
tion, C,(y) is cyclic or generalized quaternion. This completes the proof. 
If a is an involution of Cr( y), then a E N(Hg) - H*. Hence agile N(H) - H. 
ag-’ is clearly conjugate to an involution of T. Thus we may assume that y 
is an invobtion. Furthermore, since C,(y) C Z(S) n T, we may assume that 
x E Z(S) n T. Furthermore we see that S is not generalized quaternion nor 
cyclic, 
PROPOSITION 3. If S is not a Sylow 2-subgroup of G then one of the following 
conditions holds: 
(1) G = Co(z) . O(G) for some invobtion z which is not conjugate to an 
involution of H, 
(2) G contains a normal subgroup N of index 2 such that N n H is of 
odd order, or 
(3) a Sylow 2-subgroup of G is dihedral or quasi-dihedral. 
Proof. Let S, be a Sylow 2-subgroup of G such that S, 3 S. Let a be 
an element of N&S) - S. Then T n Ta = 1 by assumption. Since 
T z T” s T” . T/T, T is isomorphic to a subgroup of S/T. Hence T is 
cyclic or generalized quaternion. Let t be an (unique) involution of T, then 
every involution of S is contained in (t”, T) = (t”) x T. This implies that S 
contains exactly three involutions t, ta, tta. Therefore (t, t”) is an unique 
element of U(S). Now assume that S, is not dihedral or quasi-dihedral. Let 
U be an element of U(S,). If U C S, then U 3 t. Since [S, : C,.(t)] < 2 and 
Csl(t) = S, we obtain [S, : S] = 2. If U g S, then Csl( U) n T = 1. Since 
Csl( U) n T is a maximal subgroup of T, we have T = <t). Hence 
S, = Csl(U)(t). By a lemma of Thompson, either G possesses a normal 
subgroup N of index 2 not containing t (which implies ) N n H 1 is odd) or 
t is conjugate to some involution of Csl( U). The former case is (2) of Proposi- 
tion 3. Now suppose that the latter case holds. Then (t, ta) is an element of 
U(S,) for some Sylow 2-subgroup S, of G such that S, 3 S. We again have 
[S, : S] = 2. Now we may assume S, = S, and [S, : S] = 2. Suppose that 
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z = tta is conjugate to some involution b of S, in G. Since z E Z(S,), t is 
not conjugate to z. Hence b E S, - S. Clearly CsI(b) = (b) x C,(b). Since 
[b, t] # 1, C,(b) contains exactly one involution x. Now assume j C,(b)/ > 4. 
Then the Frattini subgroup @(CsI(b)) = @(C,(b)) contains z. Choose an 
element c E G such that c maps b to z, Csl(b) into S, . Then @(CsI(b)) is 
mapped into @(S,) c S. Hence zc = z, which is a contradiction. Hence 
1 C,(b)1 = 2. By a well known lemma of Suzuki, S, is dihedral or quasi- 
dihedral. This is not our case. Hence z is isolated. By Glauberman [5], we 
have (1) of Proposition 3. This completes the proof of Proposition 3. 
By Proposition 3, we hereafter assume that S is a Sylow 2-subgroup of G. 
If j T j = 2, then S’ n T = 1 as the Schur multiplier of S/T is trivial. It is 
easy to see that except the case SE Z, x Z, , every involution of S is 
isolated. This conflicts with the assumption (3) of Theorem 2. Hence we 
may assume / T ) > 4. 
LEMMA 4. If 1 C,(y)1 = 2, then S is dihedral OY quasi-dihedral. 
Proof. Clearly (y, T) is dihedral or quasi-dihedral. Now assume S is 
not dihedral or quasi-dihedral. Let U be an element of U(S). Since every 
involution of S is contained in (y, T), UC (y, T). Hence (y, T) is a 
dihedral group of order 8 as 1 T 1 > 4. Hence T g 2,) 2, x 2, . Since 
[S : C,(T)] < 2, if j S/T 1 > 4, y E C,(T). This is a contradiction. Hence 
S = (y, T), which is not our case. 
By Lemma 4, we may assume ( C,(y)\ 2 4. In particular C,(y) contains 
an element of order 4. 
LEMMA 5. S - T contains elements y1 , u1 such that y1 = u12 and y1 is 
conjugate to an involution of T. 
PYOO~. Since C,(y) C N(Hg) - Hg, (C,(y)>“-’ C N(H) - H. Taking a 
suitable conjugate of (Cr( y))g -’ in N(H) we have our result. 
By Lemma 5, we may assume that there exists u E S - T such that u2 = y. 
Next lemma is an independent one. 
LEMMA 6. Let X be a 2-subgroup and Y be a nontrivial normal subgroup 
of X. Assume that Xl Y and Y are cyclic OY generalized quaternion. Furthermore 
let 01 # 1 be an element of Aut(X) of odd order such that a! does not centralize 
an (unique) involution of Y. Then X z Z,, x Z,, for some n > 1. 
Proof. Clearly Ye 4X, Ye2 Q Xand Y n Yor = Y n Ya2 = Yein Yh2 = 1. 
Hence C,(Y) 2 Y” x Ye”. If Y is generalized quaternion, then C,(Y) n Y = 
Z(Y) r Z, . Hence C,(Y) . Y/Y s C,( Y)/Z( Y) contains a subgroup iso- 
morphic to (Y” x Ye”) Z(Y)/Z(Y), which is impossible. Hence Y is cyclic. 
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If X/Y is cyclic, then X’ C Y. Since X’a = X’, x’ = 1. It is now easy to 
see that Xc .Z,, x Za, ., Assume that X/Y is generalized quaternion. Then 
the inverse image of sZ,(X/Y) is abelian. Hence X has exactly three involu- 
tions. Hence 01 does not centralize any involution of X. Clearly, Y x Yor 3_ Ya2. 
Hence Y x Ya is or-invariant. Hence X/Y x Yap 2, x 2,. Hence 
X = X/W(Y x Ye) is an extension of D, or Qs by 2, . Furthermore, 01 
induces a fixed-point-free automorphism on X. It is easy to check that 
there is no such group of order 16. 
From now on we assume that S is not dihedral or quasi-dihedral. 
LEMMA 7. If U E U(S), theny E U. Furthermore / U(S)1 = 1. Inparticular 
u = (X,Yj. 
Proof. Since [S : C,(U)] < 2, y = u2 E C,(U). If y $ U, then (y, U j z 
z, x 2-2 x 2,. Since (y, U) n T E Z, x Z, , C,(y) is not cyclic or 
generalized quaternion, which contradicts Lemma 2(3). Hence y E U. Let 
U, be another element (if any) of U(S). Then y E U, . Since U n T, 
U, n T C Z(S), Z(S) n T contains a four-group. Hence C,(y) contains a 
four-group, which is a contradiction. Hence / U(S)1 = 1. 
LEMMA 8. / N( U)/C( U)i is divisible by 3, where U = (x, y). 
Proof. It is easy to see that Qi(Z(C,(U)) = U. Let h be an element of G 
which maps y to x, C,(U) = C,(y) into S. Then Uh 4 S, as Uh is a charac- 
teristic subgroup of C,(y)” C S. Hence by Lemma 7, U = Uh. This completes 
the proof of Lemma 8. 
PROPOSITION 9. Assume that S is not dihedral or quasi-dihedral. Then 
S~Zz,n x z2norZ2nJZ2. 
Proof. By Lemma 7, y E U where U E U(S). Hence C,(U) = C,(y). 
Hence C,(U) is cyclic or generalized quaternion. Since C,(U) T/T z 
CS(WG(U)~ Cs(wG(U) . IS c c IC or generalized quaternion. Clearly Y 1’ 
C,(U) is a Sylow a-subgroup of C(U). By Lemma 6 and Lemma 8 we see 
that C,(U) g Z,, x Z,, . If C,(U) = S, we have done. Assume 
[S : C,(U)] = 2. Since C(U) has a normal 2-complement, / N( U)/O(C( U))\ = 
2 . 3 . 1 Cs(U)l. Let P is a Sylow 3-group of m = N(U)/O(C(U)). Then 
NR(r’) g S, . Hence S - C,(U) contains an involution, and we can conclude 
easily S z Z,, J Z, . 
Proof of Theorem 1, 3. Let G be a doubly transitive group on 
Q = (1, 2,..., m}. Put G,,, = K. 
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Assume that 
(1) K has even order, 
(2) K n Kx has odd order if x 4 N(K), and 
(3) m is odd or ( 1((K)] = 2. 
Since a Sylow 2-subgroup of K acts fixed-point-free on 52 - I(K), 1 I(K)/ is 
odd if m is odd. Since N(K)/K can be considerd as an exactly doubly transitive 
permutation group on I(K), a Sylow 2-subgroup of N(K)/K is cyclic or 
generalized quaternion. By the double transitivity of G, N(K) - K contains 
an involution which is conjugate to an involution of K in G. Hence G, K 
satisfy all the hypothesis of Theorem 2, if we replace H by K. 
Now assume 1 I( = 2 or 3. Then a Sylow 2-subgroup of N(K)/K is 
of order 2. If N(K) does not contain a Sylow 2-subgroup of G, then, referring 
the proof of Proposition 3, we see that a Sylow 2-subgroup of N(K) is a 
four-group. Therefore if t is an involution of K, then a Sylow 2-subgroup 
of C,(t) is a four-group. Hence a Sylow 2-subgroup of G is dihedral or 
quasi-dihedral. If N(K) contains a Sylow 2-group S of G, then by Lemma 2(2), 
we see easily that S is dihedral or quasi-dihedral. This completes the proof 
of Theorem 3. 
Now assume that m is odd. Suppose that G contains a normal subgroup N 
of index 2 such that N n K is of odd order. We shall prove that N is doubly 
transitive on Q. Clearly N is transitive. Put Nr = G, n N. Then Ni is a 
normal subgroup of Gi of index 2. Since G, is transitive on Q - {l}, if Nr 
is not transitive on Q - {l}, then 52 - 1 = d, + d, where d, , da are 
N,-orbits. Since an involution t of K is not contained in Ni , Gi = (t) Ni 
and dit = A, . This implies that t fixes only one letter 1 on 52. This conflicts 
with t E K. Hence N is doubly transitive. Since I N,,, 1 is odd, the structure 
of N is known by [3]. If N has a regular normal subgroup R on Q, then a 
Sylow 2-subgroup S of N is cyclic or generalized quaternion, for S acts 
fixed-point-free onR. HenceN = C,(Z). R for some involution z of N. Since 
[G : N] = 2, we have G = C,(Z) . R. Next suppose N contains a normal 
subgroup M which is isomorphic (as a permutation group) to L,(q), S,(q), 
Us(q) where 4 = 2” > 4. Then / I(M,,,)l = 2. Hence 1 I(K)1 = 2. This is 
not our case. 
Next suppose that G = C,(Z) . O(G) where x is an involution of G not 
conjugate to an involution of K. Then G has a regular normal subgroup R. 
Furthermore z acts fixed-point-free on R. This implies that a.~~centralizes R 
for every a E G. Since C(R) C R, we have x * R E Z(G/R). Hence 
G = C,(Z) . R. This completes the proof of Theorem 1. 
Proof of Theorem 4. We need the following lemma which is easy to 
show. 
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LEMMA A. Let 5’ be a 2-group and A be an automorphism group of S. 
Assume 
(1) S contains an A-invariant normal subgroup T of order 2, and 
(2) / A ( = ( SIT 1 - 1 and A acts regularly on (S/T)#. Then S is 
elementary or extra-special. 
Let G be a doubly transitive on a set Q of m letters 1,2,..., m. Put N = Gr , 
K = GIBz . Assume that 
1. m is even, 
2. K has even order, 
3. K n Kg has odd order ifg #N(K). 
Let S be a Sylow 2-subgroup of N(K) and put T = S n K. Then T is a 
Sylow 2-subgroup of K. T is non trivial and acts semi-regularly on Q - I(K). 
Hence j !J - I( is even. Hence 1 I( is even. Hence ( I(K)1 = 2”. Put 
q = 2”. Let x be an involution of T. By the double transitivity of G, S - T 
contains an involution y which is conjugate to x in G. We fix the meaning 
of G, H, K, S, T, x, y, q throughout this section. If q = 2, in the previous 
section we have proved that a Sylow 2-subgroup of G is dihedral or quasi- 
dihedral. Therefore the structure of G is known by [l], [7], or such groups 
have been classified by Hering [8]. Therefore we assume that q > 4. 
We first prove some preliminary lemmas. 
LEMMA 10. (1) N(K) contains the normalizer of every non-trivial 
2-subgroup of K. 
(2) C,(y) is ezementary. 
(3) If S is not elementary, then S is a Sylow 2-subgroup of G. 
Proof. (1) is a direct consequence from the assumption that K n Kg 
has odd order if g # N(K). Since N(K)/K is a frobenius group of order 
(q - l)q, a Sylow 2-subgroup of N(K)/K is elementary. Applying the same 
argument as in Lemma 2 we see that C,(y) is elementary. This proves (2). 
Assume that the Frattini subgroup @p(S) of S is non-trivial. Then @(S) _C T, 
as SIT is elementary. By (1) N(@(S)) C N(K). Since Q(S) is a characteristic 
subgroup of S, this proves (3). 
LEMMA 11. N,(K) is a strongly embedded subgroup of H. 
Proof, Since I H / = (m - 1) . j K 1 and m is even, K contains a Sylow 
2-subgroup of H. Therefore by Lemma 10(l), N,(K) contains the centralizer 
of every involution of N,(K). Since H is a permutation group, K does not 
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contain a non-trivial normal subgroup of H. Hence H - N,(K) contains 
an involution. This completes the proof. 
By Lemma I1 and a theorem of Bender [4], we know the structure of H. 
Namely, 
Case I 
A Sylow 2-subgroup of H is cyclic or generalized quaternion, or 
Case II 
H/O(H) contains anormal subgroup of odd index which is isomorphic to 
L,(q,,), S,(q,) or U,(q,), where qo is a suitable power of 2. 
Case I. In this section, we assume that a Sylow 2-subgroup of H is cyclic 
or generalized quaternion. 
LEMMA 12. A Sylow 2-subgroup of K is a cyclic group of order 2. 
Proof. Assume the contrary. Then T contains an element of order 4. 
By Frattini argument N(T) . K = N(K). Hence N( T)/N(T) n K is a 
frobenius group of order (q - 1)q. Hence except the case that q = 4 and T 
is a quaternion group of order 8, C(T) covers a Sylow 2-subgroup of 
N( T)/N( T) n K. H ence S = C,(T) . T. But if so, it is easy to see that C,(y) 
contains an element of order 4. This contradicts Lemma lO(2). Hence q = 4 
and T is a quaternion group of order 8. However, since the outer auto- 
morphism group of Qs is 5’s , S induces an inner automorphism group on T. 
Hence S = C,(T) . T. Thus we again have a contradiction. This completes 
the proof of Lemma 12. 
LEMMA 13. S is elementary of order 2q. 
Proof. Assume the contrary. Since N(K)/K is a frobenius group, S is 
extra-special by Lemma A. Since S is a Sylow 2-subgroup of G by 
Lemma 10(3), x E T is an isolated involution of S in G. This contradicts 
x wy. This proves our lemma. 
LEMMA 14. If G has a single conjugacy class of involution, then 
G g PI’L(2, 8). 
Proof. Since x is a central involution of some Sylow 2-subgroup of G, 
S is a Sylow 2-subgroup of G. Since N(K)/K is a frobenius group of order 
(q - l)q, N(K)/K is solvable. Hence C(x) is solvable. Thus G has abelian 
Sylow 2-subgroups and the centralizer of every involution is solvable. 
Applying [6], we see O(C(x)) C O(G). Since m is even, O(G) = 1. Hence 
K = T. By Ito [lo], we conclude G g PI’L(2, 8). 
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In the remainder of this section, we assume that G has at least two conjugacy 
classes of involutions. 
LEMMA 15. (1) G has exactly two conjugacy classes of involutions. 
(2) The involutions of S are divided into two conjugacy classes C,, C, in 
N(S). Any involution of C, is not conjugate to one of C, in G. Furthermore 
IC,j=qand(C,/=q-lwhereC,3x,y. 
(3) N(S)/C(S) is a frobenius group of order (q - 1)q and N(S) = 
S, . (C(x) n N(S)), where S, is a Sylow 2-subgroup of N(S). 
Proof. By the double transitivity of G, we see that S contains 
the representative of every conjugacy class of involutions of G. Since 
N(S) n N(K)/N(S) n K is a frobenius group of order (q - l)q, N(S) nN(K) 
acts on the involutions of S with its orbit lengths 1, q - 1, q - 1. Since y 
is conjugate x in G, we have (1). Clearly S is also a Sylow 2-subgroup of 
C(y). Hence y is conjugate to x in N(S). Thus we have (2). N(S)/C(S) acts 
faithfully on the involutions of S. Hence on C, . By (2), N(S)/C(S) acts 
transitively on C, . Since C(x) n C(y) is contained in S . U(K), 
N(S) n C(x) n C(y) C C(S). Hence N(S)/C(S) is a frobenius group. Since 
( N(S) n C(x)/C(S)/ = q - 1, 1 N(S)/C(S)( = (q - 1) q and N(S) = 
S, . (N(S) n C(x)). Hence (3) holds. 
We fix the meaning of C, , C, and S, as in Lemma 15. 
LEMMA 16. The ,following conditions hold. 
(1) ISI1 =G? 
(2) S, admits an automorphism group A, of order y - 1 induced by a 
subgroup of C(x) such that Csl(A,) = (x) for any non trivial subgroup A, of 
A 1’ 
(3) Z(S,) is an elementary abelian group of order q. (x, Z(Q) = S, 
Z(S,)# = c, ) x . Z(S,) = c, . 
(4) S, contains a subgroup TI of index 2 such that TI is AI-invariant, 
CTI(A,) = 1 for any non-trivial subgroup A, of A, . S, - TI 3_ C, . 
(5) TI does not contain an involution u such that 1 Cs,(u)] = 2q. 
Proof. Since 1 S j = 2q and S is a Sylow 2-subgroup of C(S), (1) is 
trivial. By Lemma 15(3), we see that N(S) is of 2-length one. Since 
N(S) n N(S,) = S,(C(x) n N(S,)), (2) holds. By (2), ( Z(S,)l > q. Since S 
is of order 24 and a Sylow 2-subgroup of C(x), we have 1 Z(S,)\ = q. Hence 
(3) holds. Consider N(S,) n N(S)/Z(S,). Let A, be the group guaranteed 
in (2). Then A, induces an automorphism of order q - 1 on S,/Z(S,). 
Clearly C,l,z(,lJA,) = (x} Z(SJZ(S,) if A, > A, 3 1. Hence if S,/Z(S,) 
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is elementary, (4) is true. If S,/Z(S,) is not elementary, then by Lemma A, 
S,/.Z(S,) is extra special with the center (x) . Z(S,)/Z(S,). Since every 
involution of <x) Z(S,) - Z(S,) is conjugate to x in N(S,), we see that S, 
contains an element v such that vz = x. This conflicts with the fact that S 
is a Sylow 2-subgroup of C(X). Hence (4) holds. Assume that T1 contains 
an involution u such that j C,l(~)l = 2q. Then u E T1 - Z(S,). Since 
) T,/Z(S,)l = q and A, acts fixed-point-free on T,/Z(S,), Ti is elementary 
of order q2. Since [ q 1 > 4 by our assumption, this is a contradiction. Hence 
(5) holds. 
LEMMA 17. If G has a normal subgroup N of index 2 such that x $ N, 
then G is solvable. 
Proof. We shall show that iV is doubly transitive on .Q. Clearly N is 
transitive. Assume that N n H is not transitive on Q - (1). Since 
<x) . (N n Ii) = H is transitive on Q - {l}, Q - {I} is divided into two 
orbits of N n H with same length m - l/2. Since m is even, this is impossible. 
Hence N is doubly transitive. Since N n H is of odd order, the structure 
of N is known by Bender [2]. Since we have assumed that ( I(N n K)( > 4, 
G is solvable. This completes the proof. 
LEMMA 18. If S, is a Sylow 2-subgroup of G, then G is solvable. 
Proof. By Lemma 16(5) and a lemma of Thompson, we see that G has 
a normal subgroup N of index 2 such that x $ N. Hence G is solvable by 
Lemma 8. 
From now on we assume that S, is not a Sylow 2-subgroup of G. 
Let S, be a Sylow 2-subgroup of N(S,). We shall show that S, satisfies 
the condition similar to Lemma 16(5). If we can prove that, then G will have 
a normal subgroup N of index 2 such that x 4 N. And we apply Lemma 17. 
If S, is not a Sylow 2-subgroup of G, then we define S’s as a Sylow 2-subgroup 
of N(S,) and so on. To continue this process we set the following condition 
(Ci) : (i > 1, SO = S, T,, = Z(S,)). 
Let Si be a SY~OW 2-subgroup of N(S,-J. If Si 3 Si-1, then 
(CJ x inverts Tip, (Ti-, is a subgroup of SiMl defined in (Ci--1,3)). 
Ti-, g Z,, x ..* x Z2i (m copies where q = 29. All the involutions of 
Si-l - T,+ are conjugate in N(S,-,). 
(Ci.2) N(S,-J = Si . (N(S,-1) n C(x)) and A’(Si-,)/Si-,C(Si-1) is a 
,frobenius group order (q - 1)q. 
(Ci,3) S, contains a normal subgroup Ti of N(S,-,) of index 2 such that 
Si = (x) . Ti and [Ti : T+J = q. 
(C& If u is an involution of Ti , then 1 Cs,(u)I > 2q, 
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Lemma 15 and Lemma 16 imply that G satisfies (C,). We remark here 
that the condition (CJ is meaningful only when S, C S, C *** S-r C Si . 
LEMMA 19. If G satisjies (Cd) and Si is not a Sylow 2-subgroup of G, then 
G satisjies (Cj+l). 
Proof. Let S,+r be a Sylow 2-subgroup of N(S,). By assumption, 
S,+r 3 Si . If h E IV(&), then ( C,j(~“)/ = 2q. Hence xh E Si - Ti by (Cis4). 
By (C,,r) all the involutions of S,-r - Tie, are conjugate in N(S,-,). Since 
N(S,~,)/O(N(Sj~,)) is 2-closed, they are conjugate in N(S,-,) f? N(S,). 
Therefore the normal closure of x in N(S,-,) n N(S) is (x, T,-r) = S,-r . 
Hence, if xh E (x, T,-r) for every h E N(S), then N(S,) C A’(&-,). This is 
not our case. Hence there exists u E Ti - Tip1 such that (AX)” = 1, 
1 Csi(~~)[ = 2q. Now consider m = N(S,-,)/O(N(S,-r)). Then M = Si * & 
where A, is a Sylow 2-complement of C(x) n N(S,-,). Clearly C’,<(A) = (x) 
for any non trivial subgroup A of A,, . Hence 
[fv : C~(xu)] = (q - 1) .2qi+1/2q = (q - 1) qi. 
By (C&, every conjugate element of xu has to be contained in Si - Ti . 
Hence Si - Ti contains qi + (q - 1) qi = qi+l involutions. This implies 
that all the elements of Si - Ti are involutions. Hence x inverts Ti . Hence 
Ti is abelian. Since A,, acts fixed-point-free on Ti , we easily have (C,,r,J 
except the last part of (Ci+,,,). By the above consideration we see that in 
N(S,-,) the involution of Si - Ti are divided into two conjugacy classes D, 
and D, , where D, 3 x, / D, 1 = qi, / D, / = (q - 1) qi. If IV(&) leaves D, 
invariant, then N(S,) leaves (Dl) = (xTi-, - TieI) = SiV1 invariant. 
Hence IV($) _C N(S,-,) which is not our case. Hence all the involutions of 
Si - Ti are conjugate in N(S,). Hence 
[N(&) : N(S,) n C(X)] = 1 Si - Ti 1 = qi+l. 
Since N(S) centralizes S,/T, , we see that 
N(&) = &,l(W f-l ww (*I 
Hence qi+l = [S,+1 : Sj+l n C(x) n IV(&)] = [S,+1 : S]. Hence / Si+r 1 = 2qi+2. 
Comparing the structure of N(S,-,), we see that N(S)/& . C(S) is divisible 
by q - 1. Clearly O(C(x)) n N(S) C C(S). Now put L = O(C(x)) n N(S,), 
then [L, S] C S, n O(C(x)) = 1. Since N(S) is of 2-length one, L C O(N(S)) 
and [L, S,] = 1. Hence L C C(S,). By induction we see that O(C(x)) n 
N(S) C C(S). Hence by (*) I IV(Si)/S$(SJI = q(q - 1). Now put 
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N = N(S,)/S, . C(Si). Let A” be a subgroup of odd order of C(X) which is 
contained in N(S,) but not in SC . C(S,). Since Cri(A) = (x), N(A) n N(SJ 
centralizes X. Hence N(A) n N(S,) _C C(x). Since SE . C(&) = Si x K,, , 
Ku C O(K), this implies that NN(/!) is of odd order. Since C(x) n N(S,) 
contains at least one Sylow p-subgroup of N for every odd prime p, we see 
that w is a (CIT) group in Suzuki’s sense with the property that the normalizer 
of every p-subgroup of N is of odd order for every odd prime p. By [13], it 
is easy to see that w is 2-closed and a frobenius group. This establishes 
!Ci+,,a). Since Ti is a characteristic subgroup of Si , N(S,) D Ti . Assume 
that Si+,/Ti is extra special. Then, since every involution of Si - Ti is 
conjugate to x, we can find an element v such that vz = x. This conflicts 
with Lemma 13. Hence S,+,/Ti is elementary. N(S,) n C(X) acts on Si+,/Ti . 
Since a Sylow 2-subgroup S of N(S,) n C(X) acts trivially on S,+,/Ti , 
N(S,) n C(x) acts on Si+,/Ti completely reducibly. Hence if we choose a 
N(S,) n C(x)-invariant complement T,+,/T, of (x) . T,/Ti , then (Cifl,a) 
holds. 
NOW assume that (Ci+i,a) was false. Since 1 Z(Si+l)l = q, 1 Csicl(u)I > 2q 
for every involution of Ti+, . By way of contradiction let u be an involution 
u E Ti+l such that ) Cs,+l(~)I = 2q. Since Ti G Z,,+, x ... x Z,~+I , 
u E Ti,, - Ti . u has 2qz+2/2q = qi+l conjugate element in S,+r . Since 
[X, Ti+J C Ti 3 any conjugate element of u is contained in (u, Ti). Since 
[(u, Ti)j = 2 . qi+l, every element of (u, Ti) - Ti is an involution. Hence 
u inverts Ti . Since A* = N(S,) n C(x)/N(S,) n C(X) n C(T,) (which is of 
order q - 1) acts regularly on T,+JTi , every coset of T,+,/Ti contains an 
involution which inverts Ti . Hence [Ti+, : Cr+,( TJ] < 2. Since CT,+,( TJ 
is A*-invariant, Ti+, = CTi+,( TJ. Hence u centralizes Ti . Hence i = 1. 
This contradicts Lemma 16(5). Hence (Ci+1,4) holds. 
LEMMA 20. G is solvable. 
Proof. Clearly there exists an integer i0 > 1 such that SiO is a Sylow 
2-subgroup of G. Then by (CiO ,4), x is not conjugate to an involution of TO . 
Hence G contains a normal subgroup N of index 2 with x $ N. Hence by 
Lemma 17. G is solvable. 
PROPOSITION 21. Let G be a doubly transitive group on m letters 
52 = {l, 2,..., m}. Put K = G,., . Assume 
(1) m is even, 
(2) K has even order, 
(3) K n Kg has odd order ifg 6 N,(K), and 
(4) a Sylow 2-subgroup of K is cyclic or generalized quaternion. 
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Then G e PrL(2, 8), G is isomorphic to a subgroup of e where 
G = {g” ( g” : x---f ati + b}, a, b, x E GF(2’), (T is an automorphism of GF(2T) 
for some r, or I(K) = (1,2). 
Proof. Assume that j I( > 2. Then by Lemma 14, Lemma 18 and 
Lemma 20 we see that G z Pl?L(2, 8) or G 1s solvable. Hence by Huppert [9], 
we have our proposition. 
Case 11. Throughout this section, we assume that H/O(H) contains a 
normal subgroup of odd index which is isomorphic to L,(q,), S,(q,) or U&a) 
where q0 is a suitable power of 2. 
We define a geometry associated with our doubly transitive group G. 
Let us call that geometry r. Then r consists of points and lines. Its points 
are Q. Its lines are {Xv 1 g E G) where X = I(K). By the double transitivity 
of G we see X n Xg = X or ) X n X” j < 1. H induces a permutation on 
{Xh / h E H}. Let J be the kernel of this permutation representation and set 
fi = H/J. 
LEMMA 22. N,(K) is transitive on Sz - X. 
Proof. First we shall show that R is doubly transitive on lines {Xh / h E H}. 
Clearly H is transitive on {Xh / h E H}. Since K contains a Sylow 2-subgroup 
of H, Kh contains a four-group Uh = (ur , ~a)~ for every h E H by our 
assumption. Hence O(H) = (C&uih) 1 i = 1, 2,3). Hence O(H) C N,(Kh). 
Since N,(Kh) fixes Xh, O(H) c J. Since N,(K) n N,(Kh) has odd order if 
h $ N,(K), j is odd. Hence O(H) = J and O(R) = 1. Now let E be a 
normal subgroup w which is isomorphic to L,(q,), S,(q,) or U,(q,). Then 
any two Sylow 2-subgroups of L generate J% Hence Ng(R) is 2-closed. 
Since N,(K) contains the normalizer of a Sylow 2-subgroup T of K in H 
by Lemma 10, N,(R) = NE(T). Hence the permutation representation of 
R on {Xh 1 h E H} is similar to that of iT on its Sylow 2-subgroups. Hence R 
is doubly transitive. By the structure of H, we see that Ng(R) is transitive 
on the lines {Xh 1 h E H) - X. Let Y be a line of {X” / h E H} - X. Then 
the stabilizer F of Y in N,(K) is of order 1 N,(K)J/ T j. Hence F is also a 
Sylow 2-complement of N,(K”), where Xh = I’. Hence F . Kh = NH(Kh). 
Therefore F is transitive on Y - (1). Hence N,(K) is transitive on the points 
u hEN X” - X = Q - X. This completes the proof. 
LEMMA 23. r is isomorphic to AG(2, q). 
Proof. By Lemma 22 and [ll, Theorem 5.11, we see that r is isomorphic 
to PG(d, 2) or AG(d, q) for some d. But, since PG(d, 2) has odd number of 
points, rr AG(d, q). Hence m = q d. On the other hand, since (Xh 1 h E H} 
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consists of m - l/p - 1 = q,, + 1 lines we have m = qqO - q,, + q. Hence 
qO = q and m = qa. 
Thus we have 
PROPOSITION 24. Let G be a doubly transitive group on D = { 1, 2,..., m}. 
Put K = G,,, . Assume 
(1) m is even, 
(2) K has even order, 
(3) K n Kg has odd order if g $ N,(K), and 
(4) a Sylow 2-subgroup of K is not cyclic or generalized quaternion. Then 
G is a subgroup of all the automorphisms of AG(2, q), where q = / I(K)\ = 2”, 
or I(K) = {I, 2). 
Combining Proposition 21 and 24 with the result in the case q = 2, we 
have our Theorem 4. 
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